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 Abstract

We review lattice surgery, a code deformation technique that permits 
to measure jointly logical operators between two topological 

codes. We show how to use it to transfer (magic) states from 
a 3D color code to a 2D color code. We also introduce a 
variant that we call plain surgery that allows for more 

robust measurements. It also permits to jointly 
measure more than two operators. Possible 

applications are a better layout in 2D or self-
concatenation of 2D color codes both 

improving overheads in terms of 
physical qubits.
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Robust measurements
The measurement outcome in the 

standard lattice surgery is not robust 
against measurement errors since only one 

representative of the logical operator is measured. 
The face surgery technique fixes that but uses a 3D 

layout. In 2D, rectangular color codes give an elegant 

way to do the same for the products Z₁Z₂ or X₁X₂. Indeed, 
with the boundary configuration shown below, the red strings 

joining the left and right boundaries represent the product of the 
two logicals. As such, measuring all the red edges in the Z basis gives 

a redundant Z₁Z₂ measurement not disturbing other logicals.    

General and 2D/3D case
In fact, the details of the topological 

codes involved in the surgery procedure 
don't matter much, see also [5]. In particular 

one can do a Z₁Z₂ measurement between a 2D 
color code and a 3D color code. This ability is 

enough to perform one-bit teleportation and inject a 
magic state into the 2D color code, see circuit below. The 
procedure is schematized here, it relies on the fact that a 

tetrahedral color code also has a string-like Z logical supported on 
its edges. Similarly as in the all-2D case, one measures local checks 

across the two codes, whose product is a Z₁Z₂ representative. 
The X-stabilizers in the merged state form a 2D- 

3D structure that can still correct Z-errors.

High-weight measurements
Several plain merges can be done in 

sequence giving access to higher weight 
logical measurements. An example is a cycle 

of triangular color codes each merging on the blue 
boundary of the next. In the merged state, red or 

green loops around the created blue hole represent the 
product of all logicals. Using this, it is possible to self 

concatenate 2D color codes. See for example below with the 
Steane code as top code. Another way of seeing this, is that one 

can create holes in a 2D color code and keep protecting the original 
logical qubit by measuring loops around those holes. The result is 

a saving in the qubit overhead for 
the same distance, traded for a 

more complex 
error correction 

procedure.

2D/3D along a face
Each face of a tetrahedral 3D color 

code also supports a Z or X logical, and 
has the layout of a triangular 2D color code. 

This can be used to do the Z₁Z₂ measurement in 
O(1) time. To do so, one places under one of the 

faces of the 3D color code, a 2D color code with the 
same structure. Then one can measure jointly facing pairs of 

qubits. This robustly measures Z₁Z₂ in the same way a read-out 
of all the qubits in the 2D code robustly measures the logical 

information. Right after that one can go back to measuring the 
separated 2D and 3D color codes and will only have to deal 
with a high density of perfectly correlated Z errors between 

the bottom face of the 3D color code and the 2D color 
code. This technique is 

reminiscent of the 
dimensional jump 
presented in [7].

For surface codes
The standard lattice surgery procedure 
was first presented in [3] and slightly 

revisited in [4]. The idea is to use the fact that 
the surface code has logical representatives 

supported on their boundaries, allowing for a joint 
measurement in a 2D layout. In order to only measure 

low-weight operators, one breaks the measurement into the 
product of weight 2 or 4 operators, arranged to each contain 
qubits from both codes. This in effect modifies the code to a 

merged code. In order to go back to the original code one has to do 
a splitting operation. This is schematized below.

For 2D color codes
The technique was extended to 2D 

color codes in [4]. It works similarily except 
that the structure of the color code is not 

completely respected. Below are shown the details 
of the X-stabilizers and Z-stabilizers for a Z₁Z₂ 

measurement.

Fault tolerance
The whole procedure can be fault-

tolerant. Say one wants to do a Z₁Z₂ 
measurement. At first the measurement 

outcome is not robust since the newly measured 
Z-checks are random, only correlated so that the 

product is the desired outcome. So any measurement 
error can flip the result. One has to keep measuring those 

checks while correcting for X errors with the original Z-checks 
and for Z errors with the new X-checks (some are merged). This 
takes O(d) rounds of measurement if d is the distance. Then the 

splitting step introduces perfectly correlated random outcomes 
on the previously merged X-checks. Those need to be 

corrected in a correlated fashion in order to not introduce 
a logical error. There are two possible choices that 
only differ by the Z₁Z₂ operator. The Z errors can 

still be corrected by reconstructing the checks 
of the merged step. The correction of X 

errors still stay unchanged. This also 
takes O(d) rounds.

Correctness 
The overall goal of lattice surgery is to 

realizes a projective measurement of a joint 
logical operator, say Z₁Z₂. This projective 

measurement at the logical level is done in two 
steps, merging and splitting that can be described 

depending on the outcome, b, at the logical level by
 
 
 
 

Checking that this is indeed what happens boils down to analysing 
the operator consisting in the original code encoder times the 

merged code decoder (for M, the hermitian conjugate 
describing S). For example for the surface code this gives

 
 
 

where E is the encoding circuit. Only the 
relation between logicals in the merged 

and non-merged code matter.
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Plain surgery
Plain surgery is then a procedure that takes 
two triangular color codes and merges them 

into an appropriate rectangular color code (or 
reversibly split them from it), in which the joint 

measurement is possible. The name comes from the fact 
that these merging and splitting procedures leave 
intact the logical information, as opposed to standard 

surgery where a projective measurement is 
done at the same time. A possible layout is 
shown left. One has to merge on only half of 
the boundary since merging and splitting 
still introduce a high density of errors 

along the modified region. The measurement of the joint 
logicals can then be done in a single round of 

measurements. Note that this also applies to the 
surface code with only minor modifications, the 

joint measurement then involves measuring 
qubits in a region in which can only 
support the desired logical operator.
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 Proposed 2D layout
With plain surgery and 2D color codes, 
one can realize a hexagonal layout of 

logical qubits interacting with neighbours via 
CNOTs using some ancillas. This layout needs 
only 1/3 of the qubits to be 

ancillas. The layout is shown on the 
poster, with orange ancilla and blue data 

qubits. Possible code details on right.
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